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Using bilayer CrI3 as an example, we demonstrate that stacking domain walls in van der Waals magnets canhost one dimensional (1D) magnon channels, which have lower energies than bulk magnons. Interestingly, some
magnon channels are hidden in magnetically homogeneous background and can only be inferred with the knowl-
edge of stacking domain walls. Compared to 1D magnons confined in magnetic domain walls, 1D magnons in
stacking domain walls are more stable against external perturbations. We show that the relaxed moiré superlat-
tices of small-angle twisted bilayer CrI3 is a natural realization of stacking domain walls and host interconnectedmoiré magnon network. Our work reveals the importance of stacking domain walls in understanding magnetic
properties of van der Waals magnets, and extends the scope of stacking engineering to magnetic dynamics.
The physical properties of two-dimensional (2D) van der
Waals materials depend sensitively on the stacking arrange-
ment between adjacent layers. Consequently, the modulation
of stacking can strongly modify the local electronic proper-
ties. For example, in bilayer graphene, the stacking domain
walls between the AB and BA stackings [1, 2] induce a varia-
tion in the electronic Hamiltonian, which can give rise to one
dimensional (1D) topologically protected electronic states [3–
6]. Similarly, in transitionmetal dichalcogenides (TMD), elec-
trons can be confined in stacking domain walls, which can be
controlled experimentally via strain engineering [7].
Recently it has been realized that the stacking dependence
also extends to magnetic properties. For example, in bilayer
CrI3, the interlayer exchange coupling changes sign as thestacking is varied [8–13]. Therefore a stacking domain wall
also induces a modulation in the spin Hamiltonian. It is thus
natural to expect stacking domain walls to host 1D spin wave
(magnon) channels. Previously, confined 1D magnons have
been proposed to exist in magnetic domain walls [14, 15].
However, magnetic domain walls are generally fragile with
respect to external perturbations and may even have its own
dynamics. On the other hand, stacking domain walls, whose
energy scale is at least one order of magnitude larger thanmag-
netic domain walls, provide a more stable platform to host 1D
magnons.
In this work, using bilayer CrI3 as an example, we study1D magnons in stacking domain walls in van der Waals mag-
nets. We show that, quite generally, all stacking domain walls
of bilayer CrI3 can host 1D magnons, which have lower ener-gies than bulk magnons. The existence of these 1D magnons
can be adiabatically traced back to the Goldstone modes of the
spin Hamiltonian. Interestingly, we find that some magnon
channels are hidden inmagnetically homogeneous background
and can only be inferred with the knowledge of stacking do-
main walls. These domain walls are naturally realized in moiré
superlattices in twisted bilayer magnets with small twist an-
gles. Moiré magnons have been recently studied in Refs. [16–
18]. However, these works have ignored lattice relaxation,
and the information of stacking domain walls are not utilized
in the construction of the spin Hamiltonian. With a full ac-
count of lattice relaxation, we calculate the stacking and mag-
netic moiré pattern in small angle twisted bilayer CrI3 (Fig. 3).In this system, the stacking domain walls and corresponding
1D magnon channels are interconnected, forming a magnon
network, which will dominate low-energy spin and thermal
transport. Our work reveals the importance of stacking do-
main walls in understanding magnetic properties of van der
Waals magnets, and extends the scope of stacking engineering
to magnetic dynamics.
Stacking domain wall.—CrI3 is a layered magnetic materialin which the magnetic order can survive down to the mono-
layer limit [19]. The Cr atoms in a monolayer CrI3 forms a
hexagonal lattice with lattice constant 6.9 Å. Monolayer CrI3is a ferromagnet with the easy axis pointing to the out-of-plane
direction. Bilayer CrI3 has two stable stackings, i.e., rhombo-hedral and monoclinic stackings. Both stackings have roughly
the same energy, but rhombohedral stacking strongly favors
interlayer ferromagnetic (FM) configuration while monoclinic
stacking weakly favors interlayer antiferromagnetic (AFM)
configuration [8–13].
The stacking configuration is described by the relative in-
plane displacement 풃 between the top and bottom layer [Fig.
1(a)], which is only defined modulo lattice translations. All
possible values of 풃 constitutes the stacking space, which co-
incides with the unit cell of CrI3. Stacking domain walls aredescribed by a continuous variation of the stacking vector 풃. In
our study of each domain wall, we choose our coordinates such
that the domain wall always lies in the 푧 direction at 푥 ∼ 0.
The 푦 axis points to the out-of-plane direction. 푥 ≪ 0 is the
left stacking domain, described by 풃(−∞) = 풃lef t . Similarly,
풃(+∞) = 풃right is the stacking vector of the right stackingdomain. Around 푥 = 0, 풃(푥) changes rapidly from 풃lef t to
풃right , passing through a series of unstable stackings. In CrI3,there are three types of stacking domain walls: domain walls
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2FIG. 1. (a) Interlayer potential energy per unit cell as a function of
stackings 풃 for bilayer CrI3. Important stackings are rhombohedral(red dot), monoclinic (blue dot), AA (green dot) and AC (brown dot)
stackings. Red, cyan and yellow lines represent the paths of the stack-
ing vector 풃 for RR, MM and RM domain walls, respectively. Inset:
definition of the stacking vector 풃; corners of the hexagons are Cr
atoms and red (blue) lattice denotes the top (bottom) layer. (b) The
energy difference per unit cell between interlayer FM CrI3 and inter-layer AFM CrI3 as a function of stackings. (c) The top view of thethree types of stacking domain walls. The stacking vectors of RR (top
panel), MM (middle panel) and RM (bottom panel) domain walls in
the real space are denoted by black arrows. The stacking of the left
(right) domain is sketched on the left (right) side. (d) Interlayer ex-
change 퐽 as a function of 푥 across different types of stacking domain
walls. (a) and (b) are calculated with density functional theory [20].
between rhombohedral and rhombohedral stackings (subse-
quently denoted as RR domain wall), domain walls between
rhombohedral and monoclinic stackings (RM domain wall)
and domain walls between two monoclinic stackings (MM do-
main wall).
To quantitatively characterize 풃(푥) for each domain wall,
we employ continuous elastic theory. Since the energy scale of
different stackings is larger than the energy scale of magnetism
by at least one order of magnitude, we ignore the influence of
magnetism at this stage. The stacking energy functional of the
domain wall is a summation of the interlayer potential energy
and the elastic energy:
퐸str =
1|푃 | ∫ ∞−∞
[
푉 (풃) + 퐵 + 퐺
4
(휕푥푏푥)2 +
퐺
4
(휕푥푏푧)2
]
d푥, (1)
where 푉 (풃) is interlayer potential energy per unit cell, whose
dependence on 풃 is plotted in Fig. 1(a), |푃 | is the area of the
unit cell, 퐵 = 54307 meV per unit cell is the bulk modulus of
monolayer CrI3 and 퐺 = 39248 meV per unit cell is the shearmodulus [20]. In Eq. (1), we have assumed that the top and
the bottom layer share the elastic energy equally such that the
absolute displacements of both layers are ±풃(푥)∕2.
The elastic energy 퐸str can be minimized by solving theEuler-Lagrangian equation 훿퐸str∕훿풃 = ퟎ. For the RM do-main wall, 푉 is roughly reflection symmetric with respect to
the line connecting rhombohedral and monoclinic stackings
[yellow line in Fig. 1(a)], and we can safely assume 풃(푥) sim-
ply takes this straight path [푏푥(푥) = 0]. Furthermore, 푉 can be
approximated as a cosine function on the path of the stacking
vector: the two minimums of the cosine function at ±pi cor-
respond to rhombohedral and monoclinic stackings (the end-
points of the yellow line); the maximum of the cosine func-
tion is in the middle between the two stable stackings. With
this assumption, the Euler-Lagrangian equation admits a soli-
ton solution:
푏푧 = 2(푏푧right − 푏
푧
lef t) arctan[exp(푥∕푤)]∕pi + 푏
푧
lef t . (2)
The characteristic width 푤 = |풃lef t − 풃right|√퐺∕푉0∕pi is
roughly 8.8 Å. Here, 푉0 is the barrier of 푉 along the path of
풃(푥). Notice that the range of 푥 for which arctan[exp(푥∕푤)]
varies significantly is roughly 6푤.
In contrast, for the RR and MM domain walls, 풃(푥) has
to bypass a high energy barrier [AC stacking denoted by the
brown dot in Fig. 1(a)], and analytic solutions cannot be ob-
tained. We instead numerically solve the Euler-Lagrangian
equation and present 풃(푥) as the red line and cyan line in
Fig. 1(a) for the two types of domain walls. Nevertheless, it is
possible to fit 푏푧 to Eq. (2) to obtain an estimation of the do-
main wall width. The characteristic widths for the RR andMM
domain walls are 9.5 and 7.5 Å, respectively. All three types
of stacking domain walls are plotted in Fig. 1(c). Note that we
are studying shear domain walls and therefore 풃lef t − 풃right isalways along the domain wall direction.
1D magnon channel.—The variation of the stacking vec-
tor 풃 induces a variation in interlayer exchange coupling. In
Fig. 1(b), we plot interlayer exchange couplings for different
stackings together with paths of 풃(푥) for the three types of
stacking domain walls. To study the magnetic properties of
the domain walls, we again take the continuous limit and adopt
the following micromagnetics energy functional
퐸mag = ∫
[∑
훼,훽,푙
퐴
2
(휕훽푚훼푙 )
2 −
∑
푙
퐾
2
(푚푦푙 )
2 −
∑
훼
퐽푚훼1푚
훼
2
]
d푥,
(3)
where 훼, 훽 are Cartesian indices, 푙 is layer index and 풎 is the
unit vector pointing in the direction of magnetization. The first
term and the second term in 퐸mag is intralayer FM couplingand magnetic anisotropy, where 퐴 ≈ 5.3 meV and 퐾 ≈ 0.032
meV/Å2 for monolayer CrI3. The last term describes the inter-layer exchange coupling, where 퐽 depends on 푥 and is plotted
in Fig. 1(d) for different domain walls.
We start with the magnetic properties of the RR domain
wall. Rhombohedral stacking strongly favors interlayer FM
configuration. In the domain wall, the stacking vector passes
through an region favoring interlayer AFM configuration
[Fig. 1(b, d)]. However, this interlayer AFM tendency is pun-
ished by both intralayer FM coupling (∝ 퐴) and the magnetic
anisotropy (∝ 퐾). To quantitatively characterize the competi-
tion, we carry out simulations of the Landau-Lifshitz-Gilbert
equation with the damping term. Our simulation shows that
3FIG. 2. (a) Bounded magnons in the RR (top) and MM (bottom)
domainwalls. The value are the amplitudes of 훿푚푥− and 훿푚푧− (훿푚휃+ and
훿푚휙+) and their phases differ by pi∕2. For the bottom panel, solid lines
(dashed lines) correspond to 푘푧 = 0.0 (0.05) 1/Å. Insets: the motion
of 훿푚푥− and 훿푚푧− (top panel); the motion of 훿푚휙+ and 훿푚휙+ (bottompanel). (b) Magnetic ground state of MM domain wall. Top panel:
magnetization; bottom panel: azimuth angles of the magnetization
of the top layer. Inset of bottom panel: definition of spatial varying
coordinates. 풆̂푟 is along the direction of 풎; (풆̂휃 , 풆̂휙) are defined as the
unit vectors in the direction of increasing 휃 and휙. (c) Schematic plots
of confined magnons (top) and magnetic ground states (bottom) for
weak (red) and strong (blue) trapping potentials 퐽 (푥). The top panel
is a Bloch sphere representing the direction of magnetization. For
weak trapping potential, the magnon is a circular motion around the
north pole (푦 = 1); for strong trapping potential, the confinedmagnon
is a Goldstone mode oscillation on the latitude line (constant 푦). (d)
Magnetic ground state of the RM domain wall. Azimuth angles of the
magnetization of the top layer (휙1) and bottom layer (휙2) are plottedin the bottom panel.
theweak interlayer AFMcouplingwithin the domainwall does
not change the direction of the magnetization and the ground
state is simply described by a uniform, out-of-plane 풎.
The variation of interlayer exchange coupling, although not
manifested in the magnetic ground state, will enter the equa-
tion of motion of magnetization dynamics, 휕푡풎푙 = −훾풎푙×푯푙,where the effective magnetic field is proportional to the func-
tional derivative of 퐸mag with respect to 풎푙 (1̄ = 2 and 2̄ = 1)
푯푙 = 퐴∇2풎푙 +퐾푚푦풚̂ + 퐽풎푙̄ , (4)
where 훾 is the gyromagnetic ratio. Since 풎 is a unit vector,
the first order variation of magnetization is written as 훿풎푙 =
훿푚푥푙 풙̂ + 훿푚
푧
푙 풛̂. The ground state respects mirror symmetry inthe 푦 direction (푀푦), so it is natural to decouple the mirroreigenspaces by defining 훿풎± = (훿풎1 ± 훿풎2)∕2. With the
notation 훿푚+± = 훿푚푥±+i훿푚푧±, the Landau-Lifshitz equation canbe transformed to two decoupled Schrödinger type equations:
i훾−1휕푡훿푚++ = [−퐴휕
2
푥 +퐾 + 퐴푘
2
푧]훿푚
+
+,
i훾−1휕푡훿푚+− = [−퐴휕
2
푥 +퐾 + 2퐽 (푥) + 퐴푘
2
푧]훿푚
+
−,
(5)
where we have assumed 풎푙 behaves like a plane wave in the
푧 direction with wave vector 푘푧. We see that 훿풎+ is blind tothe interlayer coupling. For 훿풎−, since the variation of 퐽 (푥)serves as a trapping potential [Fig. 1(d)], despite the magne-
tization of the ground state is uniform across the RR domain
wall, a 1D magnon solution generally exists and is confined in
the domain wall. In Fig. 2(a) we present the profile of this 1D
magnon. It is a circular motion isotropic in the 푥−푧 plane and
the magnon profile is independent of 푘푧. The frequency of this1D magnon channel at 푘푧 = 0 is calculated to be smaller thanthe bulk magnon excitation gap 훾퐾 . Therefore, the low energy
magnon transport should be dominated by this 1D magnon
channel.
To gain more insights into the existence of this 1D magnon
channel, we assume the width and depth of the trapping po-
tential 퐽 (푥) can be artificially tuned. For a weak trapping
potential 퐽 (푥), the magnetic ground state is a uniform inter-
layer FM configuration across the RR domain wall, which is
the case for CrI3. The degree of freedom 훿풎− describes thedeviation from interlayer FM configuration and the frequency
of the corresponding magnon is determined by the energy cost
of such deviation. Since in the domain wall the interlayer ex-
change coupling 퐽 (푥) becomes smaller, such energy cost is
lower in the domain wall. Therefore, a confined mode should
exist in the domain wall, which is manifested as a bound state
due to the trapping potential 퐽 (푥) in Eq. (5). The weak trap-
ping potential scenario is plotted in Fig. 2(c). For increasingly
stronger trapping potential, there will be a critical point where
the frequency of this 1D magnon at 푘푧 = 0 becomes zero.Beyond this critical point, the magnetic ground state deviates
from the interlayer FM configuration [Fig. 2(c)] in the domain
wall. However, the 1D magnon mode does not disappear. The
magnetic energy described by Eq. (3) is actually invariant un-
der a global (independent of 푥) rotation along the 푦 direction.
This continuous symmetry immediately gives rise to a Gold-
stone magnon mode, which costs no energy at 푘푧 = 0 and isstill localized in the domain wall [Fig. 2(c)].
It is worth noting that 퐽 (푥) does not need to become nega-
tive to trap a 1D magnon. For arbitrarily weak trapping poten-
tial, this 1D magnon solution exists. However, if 퐽 (푥) never
takes negative value, the frequency of the 1D magnon will
be larger than the bulk magnon excitation gap 훾퐾 . The bulk
magnon with the frequency 훾퐾 is contributed by 훿풎+, whichis unaffected by the interlayer exchange coupling.
Similar to the RR domain wall, the MM stacking domain
wall appears between two magnetically identical (AFM) do-
mains. However, since the AFM interlayer coupling strength
in CrI3 is much weaker than FM interlayer coupling, the mag-netization now tilts away from the 푦-axis in the MM stack-
ing domain wall. We parameterize the magnetization of the
4top layer 풎1(푥) in spherical coordinates 휃 (polar angle) and
휙 (azimuth angle) and present the magnetic ground state in
Fig. 2(b). The Goldstone mode argument discussed above im-
mediately gives rise to a zero energy 1Dmagnonmode trapped
in the MM domain wall. Nevertheless, it is instrumental to
write down the magnetic dynamical equations. We expand
훿풎푙 as 훿풎푙 = 훿푚휃푙 풆̂휃푙 + 훿푚휙푙 풆̂휙푙 , where (풆̂휃푙 , 풆̂휙푙 ) is the localunit vectors associated with 풎푙 [Fig. 2(b)]. Instead of푀푦, theground state now respects two fold rotation symmetry in the 푥
direction (퐶2푥). We decouple the eigenspaces of 퐶2푥 by defin-
ing 훿푚̃휃(휙)± = (훿푚휃(휙)1 ± 훿푚휃(휙)2 )∕2. The dynamical equationfor 훿풎̃+ is
훾−1휕푡푚̃
휃
+ = (퐴휕
2
푥 − 푈
휙 − 퐴푘2푧)훿푚̃
휙
+ ,
훾−1휕푡푚̃
휙
+ = (−퐴휕
2
푥 + 푈
휃 + 퐴푘2푧)훿푚̃
휃
+ ,
(6)
where 푈휙 = −퐾 cos(2휙) and 푈 휃 = −퐴(휕푥휙)2 +퐾 sin2(휙) −
퐽 [1 − cos(2휙)]. Every term in 푈휙 and 푈 휃 is a trapping po-
tential, which is a combined effect of varying magnetization
and varying 퐽 (푥). These trapping potentials serve as an alter-
native explanation for the 1D Goldstone magnon mode in the
MM domain wall. The profile of the 1D magnon of 훿풎̃+ isshown in Fig. 2(a). For 푘푧 = 0, the magnon is perfectly polar-
ized: 훿푚̃휙+ = 0, consistent with the Goldstonemode oscillatingaround the 푦 axis. This perfect polarization is reduced by finite
푘푧 [Fig. 2(a)]. Equation (6) shows that even when 휙 = pi∕2across the domain wall [for example, for weaker variation of
퐽 (푥)] and the Goldstone mode argument fails, MM domain
walls can still support 1Dmagnons due to the variation of 퐽 (푥)
alone.
In the Supplementary Materials [20], we presented the dy-
namical equation for 훿풎̃−. Whether the variation of 퐽 and 휙serves as a trapping potential depends on the specific parame-
ters. Nevertheless, for bilayer CrI3, 훿풎̃− also has a 1Dmagnonsolution with energy slightly higher than the 1Dmagnonmode
of 훿풎̃+, but lower than the bulk magnons.Finally, we investigate the properties of the RM domain
wall. Since interlayer exchange couplings of rhombohedral
and monoclinic stackings have opposite signs, the RM domain
wall is both a stacking domain wall and a magnetic domain
wall. The magnetic ground state is presented in Fig. 2(d).
The top layer generally maintains FM state, but the magne-
tization slightly tilts away from +푦 direction in the domain
wall; the bottom layer still roughly maintains the Walker pro-
file 휙2 = −2 arctan[exp(푥∕푠−푥0∕푠)]+pi∕2, where the charac-
teristic width 푠 ≈ 9.4Å. 푠 is smaller than the magnetic domain
width√퐴∕퐾 ≈ 12.9Å of monolayer CrI3 since the interlayerexchange coupling favors such a domain wall. The Goldstone
mode argument is also applicable to RM domain wall and we
have also verified numerically such a 1D magnon channel ex-
ists. Therefore, we conclude that all three types of stacking
domain walls in bilayer CrI3 support 1D magnon channels.The magnetic energy functional Eq. (3) is oversimplified in
the sense that it does not include all symmetry-allowed mag-
netic interactions. Especially, weak Dzyaloshinskii-Moriya
FIG. 3. Stacking and magnetic domain pattern for twist bilayer CrI3with twist angle 0.1◦ in the real space. Red arrows and blue arrows
represent stacking vectors for rhombohedral and monoclinic stack-
ings, respectively. Red and cyan dashed lines represent the RR and
MM stacking domain walls, respectively.
interaction [21, 22] (DMI) is possible in this system. With
DMI, the magnons in Fig. 2(a) will be generally reflection
(푥 → −푥) asymmetric, which is a new degree of freedom and
can be utilized in device designing [15, 23].
Moiré magnon network.—A natural realization of stacking
domain walls is by twisting the magnetic bilayer. Twisted bi-
layer materials create a moiré pattern, which is a periodic mod-
ulation of stackings. After being twisted, the structure will
generally relax to lower its energy. For large twist angle, lattice
relaxation can be ignored, and novel spin textures may appear
in this range [16]. For small twist angles, the stable stack-
ings will grow and form domains, and unstable stackings will
shrink and eventually only appear around the domain walls.
To understand at which twist angles large domains of rhom-
bohedral and monoclinic stackings appear and to obtain a real
space pattern of these domains, we calculate the lattice relax-
ations of the twisted bilayer CrI3. Lattice relaxation of moirésuperlattices is determined by the competition between the in-
terlayer potential energy and the intralayer elastic energy. This
competition can be characterized by the incommensurate sam-
pling method introduced in Ref. 24. We present the results
of lattice relaxation for several twisting angles in the Supple-
mentary Materials [20] and estimate large stacking domains
emerge for twist angle smaller than 1.3◦. Figure 3 shows the
stacking andmagnetic domain patterns in the small angle limit.
Since the AFM monoclinic stacking is actually slightly ener-
getically higher than the FM rhombohedral stacking (by about
15 meV), the magnetic domain pattern consists of isolated
AFM domains and interconnected FM domains. These do-
mains are useful by itself. For example, using twisted bilayer
CrI3 as the substrate, electrons experience periodic exchangecouplings in the real space and accumulate Berry phase as they
move along, which may be useful to realize the topological
Hall effect [25].
Figure 3 shows that all three types of stacking domain walls
appear in small angle twisted bilayer CrI3. Since all stackingdomainwalls support 1Dmagnon channels, the interconnected
stacking domain wall gives rise to a magnon network, which
will dominate the low-energy spin and thermal transport.
5In summary, we propose stacking domain walls in van der
Waals magnets can support 1Dmagnon channels. These chan-
nels can live on uniform magnetic ground states and are robust
against external perturbations. They can be realized in natu-
rally occurring stacking faults or through careful strain engi-
neering [7]. We show that a realistic and highly tunable play-
ground of such 1D magnons is twisted bilayer magnets with
small twist angles, where their implications in spin and ther-
mal transport phenomena are yet to be uncovered.
We acknowledge useful discussions with Héctor Ochoa
and Wenguang Zhu. This work is supported by AFOSR
MURI 2D MAGIC (FA9550-19-1-0390). The understand-
ing of moiré magnon network is partially supported by DOE
de-sc0012509. Y.G. and H.L. also acknowledge partial sup-
port from China Scholarship Council (No. 201906340219
and No. 201904910165). Computing time is provided by
BRIDGES at the Pittsburgh supercomputer center (Award
No. TG-DMR190080) under the Extreme Science and Engi-
neering Discovery Environment (XSEDE) supported by NSF
(ACI-1548562).
[1] J. S. Alden, A. W. Tsen, P. Y. Huang, R. Hovden, L. Brown,
J. Park, D. A. Muller, and P. L. McEuen, Strain solitons and
topological defects in bilayer graphene, Proc. Natl. Acad. Sci.
110, 11256 (2013).
[2] B. Butz, C. Dolle, F. Niekiel, K. Weber, D. Waldmann, H. B.
Weber, B. Meyer, and E. Spiecker, Dislocations in bilayer
graphene, Nature (London) 505, 533 (2014).
[3] F. Zhang, A. H. MacDonald, and E. J. Mele, Valley Chern num-
bers and boundary modes in gapped bilayer graphene, Proc.
Natl. Acad. Sci. 110, 10546 (2013).
[4] A. Vaezi, Y. Liang, D. H. Ngai, L. Yang, and E.-A. Kim,
Topological edge states at a tilt boundary in gated multilayer
graphene, Phys. Rev. X 3, 021018 (2013).
[5] L. Ju, Z. Shi, N. Nair, Y. Lv, C. Jin, J. Velasco, C. Ojeda-
Aristizabal, H. A. Bechtel, M. C. Martin, A. Zettl, J. Analytis,
and F. Wang, Topological valley transport at bilayer graphene
domain walls, Nature (London) 520, 650 (2015).
[6] L.-J. Yin, H. Jiang, J.-B. Qiao, and L. He, Direct imaging of
topological edge states at a bilayer graphene domain wall, Nat.
Commun. 7, 11760 (2016).
[7] D. Edelberg, H. Kumar, V. Shenoy, H. Ochoa, and A. N. Pasu-
pathy, Tunable strain soliton networks confine electrons in van
der Waals materials, Nat. Phys. , 1 (2020).
[8] N. Sivadas, S. Okamoto, X. Xu, C. J. Fennie, and D. Xiao,
Stacking-dependent magnetism in bilayer CrI3, Nano Lett. 18,7658 (2018).
[9] Z. Wang, I. Gutiérrez-Lezama, N. Ubrig, M. Kroner, M. Gib-
ertini, T. Taniguchi, K. Watanabe, A. Imamoğlu, E. Giannini,
and A. F. Morpurgo, Very large tunneling magnetoresistance in
layered magnetic semiconductor CrI3, Nat. Commun. 9, 2516(2018).
[10] P. Jiang, C. Wang, D. Chen, Z. Zhong, Z. Yuan, Z.-Y. Lu, and
W. Ji, Stacking tunable interlayer magnetism in bilayer CrI3,Phys. Rev. B 99, 144401 (2019).
[11] D. Soriano, C. Cardoso, and J. Fernández-Rossier, Interplay be-
tween interlayer exchange and stacking in CrI3 bilayers, Solid
State Commun. 299, 113662 (2019).
[12] S. W. Jang, M. Y. Jeong, H. Yoon, S. Ryee, and M. J. Han,
Microscopic understanding of magnetic interactions in bilayer
CrI3, Phys. Rev. Mater. 3, 031001 (2019).[13] W. Chen, Z. Sun, Z.Wang, L. Gu, X. Xu, S.Wu, and C. Gao, Di-
rect observation of van der waals stacking–dependent interlayer
magnetism, Science 366, 983 (2019).
[14] F. Garcia-Sanchez, P. Borys, R. Soucaille, J.-P. Adam, R. L.
Stamps, and J.-V. Kim, Narrow magnonic waveguides based on
domain walls, Phys. Rev. Lett. 114, 247206 (2015).
[15] J. Lan, W. Yu, R. Wu, and J. Xiao, Spin-Wave Diode, Phys. Rev.
X 5, 041049 (2015).
[16] K. Hejazi, Z.-X. Luo, and L. Balents, Moiré magnets, arXiv
preprint arXiv:2001.02796 (2020).
[17] Y.-H. Li and R. Cheng, Moiré magnons in twisted bilayer mag-
nets with collinear order, arXiv:2005.14096 (2020).
[18] D. Ghader, Magnon magic angles and tunable Hall conductivity
in 2D twisted ferromagnetic bilayers, arXiv:1911.07009 (2020).
[19] B. Huang, G. Clark, E. Navarro-Moratalla, D. R. Klein,
R. Cheng, K. L. Seyler, D. Zhong, E. Schmidgall, M. A.
McGuire, D. H. Cobden, W. Yao, D. Xiao, P. Jarillo-Herrero,
and X. Xu, Layer-dependent ferromagnetism in a van der Waals
crystal down to the monolayer limit, Nature (London) 546, 270
(2017).
[20] Supplemental Materials, which cites Refs. 24, 26–33.
[21] I. Dzyaloshinsky, A thermodynamic theory of “weak” ferro-
magnetism of antiferromagnetics, J Phys. Chem. Solids 4, 241
(1958).
[22] T. Moriya, Anisotropic Superexchange Interaction and Weak
Ferromagnetism, Phys. Rev. 120, 91 (1960).
[23] J. Lan, W. Yu, and J. Xiao, Antiferromagnetic domain wall as
spin wave polarizer and retarder, Nat. Commun. 8, 178 (2017).
[24] S. Carr, D. Massatt, S. B. Torrisi, P. Cazeaux, M. Luskin, and
E. Kaxiras, Relaxation and domain formation in incommensu-
rate two-dimensional heterostructures, Phys. Rev. B 98, 224102
(2018).
[25] P. Bruno, V. K. Dugaev, and M. Taillefumier, Topological hall
effect and Berry phase in magnetic nanostructures, Phys. Rev.
Lett. 93, 096806 (2004).
[26] G. Kresse and J. Furthmüller, Efficient iterative schemes for
ab initio total-energy calculations using a plane-wave basis set,
Phys. Rev. B 54, 11169 (1996).
[27] G. Kresse and D. Joubert, From ultrasoft pseudopotentials to
the projector augmented-wave method, Phys. Rev. B 59, 1758
(1999).
[28] P. E. Blöchl, Projector augmented-wave method, Phys. Rev. B
50, 17953 (1994).
[29] G. I. Csonka, J. P. Perdew, A. Ruzsinszky, P. H. T. Philipsen,
S. Lebègue, J. Paier, O. A. Vydrov, and J. G. Ángyán, Assessing
the performance of recent density functionals for bulk solids,
Phys. Rev. B 79, 155107 (2009).
[30] J. Bezanson, A. Edelman, S. Karpinski, and V. B. Shah, Julia:
A fresh approach to numerical computing, SIAM Rev. 59, 65
(2017).
[31] C. Rackauckas and Q. Nie, Differentialequations.jl – a perfor-
mant and feature-rich ecosystem for solving differential equa-
tions in julia, J. Open Res. Softw. 5 (2017).
[32] F. Gargiulo and O. V. Yazyev, Structural and electronic trans-
formation in low-angle twisted bilayer graphene, 2D Mater. 5,
015019 (2017).
[33] S. Grimme, J. Antony, S. Ehrlich, and H. Krieg, A consistent
and accurate ab initio parametrization of density functional dis-
persion correction (DFT-D) for the 94 elements H-Pu, J. Chem.
Phys. 132, 154104 (2010).
